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Abstract
We study the dynamic structures of the monomial xm over the ring of p-
adic integers for every positive integer m and for primes p = 2, 3 and 5. The
dynamic structures are described by investigating minimal decompositions
which consist of minimal subsystems and attracting basins.
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1 Introduction
Let Zp be the ring of p-adic integers and f a polynomial over Zp. The dynamical
system (Zp, f) has a general theorem of the minimal decomposition due to Fan
and Liao in 2011 [5].
2Theorem 1.1 ([5]). Let f ∈ Zp[x] be a polynomial of integral coefficients with
degree at least 2. We have the following decomposition
Zp = P
⊔
M
⊔
B
where
1. P is the finite set consisting of all periodic points of f ,
2. M =
⊔
i Mi is the union of all (at most countably many) clopen invariant sets
such that each Mi is a finite union of balls and each subsystem f : Mi →Mi
is minimal, and
3. each point in B lies in the attracting basin of a periodic orbit or of a minimal
subsystem.
This decomposition is usually referred to as a minimal decomposition and the
invariant subsets Mi are called minimal components .
Although we have a general decomposition theorem, it is still difficult to de-
scribe the explicit minimal decomposition for a given polynomial, as there have
been few works done on them. Multiplications on Zp for p ≥ 3 were studied by
Coelho and Parry in 2001 [1], and affine maps and quotient maps of affine maps
for all p were studied by Fan, Li, Yao and Zhou in 2007 [4] and by Fan, Fan, Liao
and Wang in 2014 [6], respectively. The quadratic maps on Zp for p = 2 were
investigated by Fan and Liao in 2011 [5], respectively. Recently, the Chebyshev
polynomials and Fibonacci polynomials on Z2 were investigated by Fan and Liao
in 2016 [7] and by Jung, Kim and Song in 2019 [9], respectively. The monomial
xm on Zp is a basic function, but it’s dynamic structures are not studied except
only the case x2 for every p by Fan and Liao in 2016 [8].
In this paper, we study the dynamic structures of the monomial xm over the
ring of p-adic integers for every positive integer m and for primes p = 2, 3 and
5. The dynamic structures are described by investigating minimal decompositions
which consist of minimal subsystems and attracting basins following the style in
Theorem 1.1.
2 Preliminary
2.1 p-adic spaces
We first review the basic definitions and properties of the p-adic space. Let N
be the set of positive integers, Z the set of integers and p a prime number. We
consider a family of rings {Z/pkZ} for all k ∈ N with canonical projections {ϕij :
Z/pjZ → Z/piZ} for all integers i and j with i ≤ j. The ring of p-adic integers,
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denoted Zp, is the projective limit of the projective system of rings {Z/p
k
Z} with
projections {ϕij}.
Then the ring Zp is the set of all sequence (xk) with the property xk ∈ Z/p
k
Z
and ϕij(xj) = xi for all i ≤ j. A point xk in Z/p
k
Z can be represented by
xk = a0+a1p+a2p
2+a3p
3+ · · ·+ak−1p
k−1 with unique ai ∈ {0, 1, · · · , p−1} and
the point x = (xk) in Zp by x : a0, a0+a1p, a0+a1p+a2p
2, a0+a1p+a2p
2+a3p
3, · · ·
as a sequence form, or simply x = a0 + a1p+ a2p
2 + a3p
3 + · · · .
An element x can be written as x = pν(b0 + b1p + b2p
2 + b3p
3 + · · · ) with
ν ∈ N ∪ {0} and bi ∈ {0, 1, · · · , p − 1}. In this case, we say that p
ν divides x and
denote pν |x.
The p-adic order or p-adic valuation for Zp is defined as the function νp : Zp →
Z ∪∞
νp(x) =
{
max{ν ∈ N ∪ {0} : pν |x} if x 6= 0,
∞ if x = 0,
and the p-adic metric of Zp is defined as the function | · |p : Zp → R
|x|p =
{
p−νp(x) if x 6= 0,
0 if x = 0.
With the p-adic metric, Zp becomes a compact space.
Note that Z/pkZ can be viewed as a subset of Zp,
Z/pkZ = {x ∈ Zp : ai = 0 for every i ≥ k},
and for x = a0 + a1p + a2p
2 + a3p
3 + · · · in Zp, the element x (mod p
k) means
a0+a1p+a2p
2+a3p
3+ · · ·+ak−1p
k−1, which is now in Zp/p
k
Zp. It can be checked
that Z/pkZ is isomorphic to Zp/p
k
Zp. We state properties of the p-adic valuation.
Proposition 2.1. Let x and y be elements of Zp. Then, νp has the properties:
1. νp(xy) = νp(x) + νp(y).
2. νp(x + y) ≥ min{νp(x), νp(y)}, with equality when νp(x) and νp(y) are un-
equal.
2.2 Dynamics of p-adic polynomials
Let f be a polynomial over Zp and let l be a positive integer. Let σ = {x1, · · · , xk}
with xi ∈ Z/p
l
Z be a cycle of f of length k (also called a k-cycle), i.e.,
f(x1) = x2, · · · , f(xi) = xi+1, · · · , f(xk) = x1 (mod p
l).
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In this case, we also say that the cycle σ is at level l. Let
Xσ :=
k⋃
i=1
Xi where Xi := {xi + p
lt+ pl+1Z : t = 0, · · · , p− 1}.
Then
f(Xi) ⊂ Xi+1 (1 ≤ i ≤ k − 1) and f(Xk) ⊂ X1,
and so f is invariant on the clopen set Xσ. The cycles in Xσ of f (mod p
l+1) are
called lifts of σ (from level l to level l+ 1). Note that the length of a lift of σ is a
multiple of k.
Let Xi := xi + p
l
Zp and let Xσ :=
⋃k
i=1Xi. For x ∈ Xσ, denote
al(x) :=
k−1∏
j=0
f ′
(
f j(x)
)
and(1)
bl(x) :=
fk(x)− x
pl
.(2)
Sometimes we abbreviate al(x) and bl(x) to al and bl, respectively. The following
definition and proposition were treated by Fan et al [3, 4]. The following definition
is for p = 2.
Definition 2.2. We say σ strongly grows at level l if al ≡ 1 (mod 4) and bl ≡
1 (mod 2).
We say σ strongly splits at level l if al ≡ 1 (mod 4) and bl ≡ 0 (mod 2).
We say σ weakly grows at level l if al ≡ 3 (mod 4) and bl ≡ 1 (mod 2).
We say σ weakly splits at level l if al ≡ 3 (mod 4) and bl ≡ 0 (mod 2).
We say σ grows tails at level l if al ≡ 0 (mod 2).
Proposition 2.3 ([5],[7]). Let σ = {x1, · · · , xk} be a cycle of f at level l.
1. If σ is a strongly growing cycle at level l ≥ 2, then f restricted onto the
invariant clopen set Xσ is minimal.
2. If σ is a strongly splitting cycle at level l ≥ 2 and ν2(bl(x)) = s ≥ 1 for all
x ∈ Xσ, then the lifts of σ will keep splitting until to the level l + s at which
all lifts strongly grow.
3. Let σ be a cycle of f at level n ≥ 2. If σ weakly grows then the lift of σ
strongly splits.
4. Let σ be a weakly splitting cycle of f at level n ≥ 2. Then one lift behaves
the same as σ while the other weakly grows and then strongly splits.
55. If σ is a growing tails cycle at level l ≥ 1, then f has a k-periodic orbit in
the clopen set Xσ lying in its attracting basin.
The following definition is for p ≥ 3.
Definition 2.4 ([2]). We say σ grows at level l if al ≡ 1 (mod p) and bl 6≡
0 (mod p).
We say σ splits at level l if al ≡ 1 (mod p) and bl ≡ 0 (mod p).
We say σ grows tails at level l if al ≡ 0 (mod p).
We say σ partially splits at level l if al 6≡ 0, 1 (mod p).
Proposition 2.5 ([2]). Let σ = {x1, · · · , xk} be a cycle of f at level l ≥ 1.
1. If σ is a growing cycle at level l ≥ 2, then f restricted to Xσ (mod p
l+1)
consists of a single cycle of length pk.
2. If σ is a splitting cycle at level l ≥ 1, then f restricted to Xσ (mod p
l+1)
consists of p cycles, each of length k.
3. If σ is a growing tails cycle at level l ≥ 1, then f restricted to Xσ (mod p
l+1)
contains one k-cycle, and the remaining points of X are mapped into this
cycle by fk.
4. If σ is a partially splitting cycle at level l ≥ 1, then f restricted to Xσ (mod
pl+1) contains one k-cycle and (p − 1)/d cycles of length kd, where d is the
order of al in (Z/pZ)
∗.
Proposition 2.6 ([2]). Let p ≥ 3 and l ≥ 1. Let σ be a splitting cycle of f at level
l. Define
(3) Al(x) = νp
(
al(x)− 1
)
, Bl(x) = νp
(
bl(x)
)
.
1. If Bl < Al and Bl < l, every lift splits Bl − 1 times then all lifts at level
Bl + l grow forever.
2. If Al ≤ Bl and Al < l, there is one lift which behaves the same as σ (i.e.,
this lift splits and Al+1 ≤ Bl+1 and Al+1 < l+ 1) and other lifts split Al − 1
times then all lifts at level Al + l grow forever.
3. If l ≤ Al and l ≤ Bl, then all lifts split at least l − 1 times.
3 Minimal decompositions of monomials on Z2
From this section, we study the dynamical structure of monomials f(x) = xm
on the ring of p-adic integers Zp for m ∈ N through the minimal decomposition
6which consists of periodic points, minimal components and attracting basins, see
Theorem 1.1.
When m = 1, that is, f(x) = x, every point in Zp is a fixed point, whence the
minimal decomposition is trivial. Therefore from now on, we consider the cases
m ≥ 2.
For arbitrary prime number p, we have the following.
Proposition 3.1. Let m ≥ 2 be an integer and f(x) = xm. Then, f(x) has a
fixed point 0 in the clopen set pZp with pZp lying in its attracting basin.
Proof. Since f(0) = 0, {0} is a cycle of length 1 at level 1. Now we compute
the quantity a1 for the cycle {0}, as defined in (1). Since f
′(x) = mxm−1, then
a1(0) = 0. Therefore, {0} grows tails at level 1 by Definition 2.2 for p = 2 and
Definition 2.4 for p ≥ 3. Then, by statement 3 of Proposition 2.5, the statement
is proved.
In this section, we consider the case p = 2. For integers m ≥ 2, we divide into
cases that m ≡ 0 (mod 2), m ≡ 1 (mod 4) and m ≡ −1 (mod 4).
Theorem 3.2. Let f(x) = xm over Z2 and assume m ≥ 2 with m ≡ 0 (mod 2).
Then, the minimal decomposition of Z2 for f(x) is
Z2 = {0, 1}
⊔(
(2Z2 − {0}) ∪
(
(1 + 2Z2)− {1}
))
.
Here, {0, 1} is the set of fixed points and the other sets are the attracting basin of
{0, 1}.
Proof. Since m is even, we obtain that f(1) = 1 and a1(1) = f
′(1) ≡ 0 (mod 2) by
notation (1). So, {1} is a cycle of length 1 at level 1 which grows tails by Definition
2.2. By property 5 of Proposition 2.3, f(x) has a fixed point 1 in the clopen set
1 + 2Z2 with 1 + 2Z2 lying in its attracting basin. With Proposition 3.1 the proof
is completed.
Consider the case m ≡ 1 (mod 4).
Proposition 3.3. Let f(x) = xm over Z2 and assume m ≥ 2 with m ≡ 1 (mod 4).
Let t = ν2(m− 1). For every nonnegative integer l, there are strongly splitting 1-
cycles {1+2l+2} and {−1+2l+2} at level l+3 such that all the lifts at level t+ l+2
strongly grow.
Proof. Since m ≡ 1 (mod 4) we have t ≥ 2. Write m = 2tk + 1, then k is odd
and f(x) = x2
tk+1. We compute that f(±1) = (±1)2
tk+1 = ±1. So, ±1 are fixed
points at any level. Let l be any nonnegative integer and view {1} and {−1} be
cycles of length 1 at level l + 2.
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al+2(±1) = f
′(±1) = (2tk + 1)(±1)2
tk ≡ 1 (mod 4),
and the quantity bl+2, as defined in (2),
bl+2(±1) =
f(±1)− (±1)
2l+2
≡ 0 (mod 2).
By Definition 2.2, the cycles {1} and {−1} strongly split at level l + 2.
The lifts of {1} and {−1} from level l + 2 to level l + 3 are {1, 1 + 2l+2} and
{−1,−1 + 2l+2}, respectively. The points ±1 + 2l+2 are fixed points at level l+3.
Now we compute the quantity al+3 for the above points, as defined in (1),
al+3(±1 + 2
l+2) = (2tk + 1)(±1 + 2l+2)2
tk
≡ 1 (mod 4).
We compute the quantity bl+3 for the above cycles, as defined in (2),
f(±1 + 2l+2)− (±1 + 2l+2) = (±1 + 2l+2)2
tk+1 − (±1 + 2l+2)
=
2tk+1∑
j=0
(2tk+1
j
)
(±1)2
tk+1−j(2l+2)j − (±1 + 2l+2)
≡ 0 (mod 2l+4),
So, bl+3(±1+2
l+2) = f(1+2
l+2)−(1+2l+2)
2l+3
≡ 0 (mod 2). Hence, the 1-cycles {1+2l+2}
and {−1 + 2l+2} strongly split at level l + 3.
If we show the following expression, by statement 2 of Proposition 2.3, the
proof is complete:
ν2
(
bl+3(x)
)
= t− 1 for all x ∈ ±1 + 2l+2 + 2l+3Z2.
Suppose that x = 1 + 2l+2 + 2l+3a ∈ 1 + 2l+2 + 2l+3Z2 with a ∈ Z2. Then
f(1+2l+2 + 2l+3a)− (1 + 2l+2 + 2l+3a)
= (1 + 2l+2 + 2l+3a)2
tk+1 − (1 + 2l+2 + 2l+3a)
=
2tk+1∑
j=0
(2tk+1
j
)
(1 + 2l+2)2
tk+1−j(2l+3a)j − (1 + 2l+2 + 2l+3a).
For an integer j ≥ 2, the summand has the valuation
ν2
((
2tk+1
j
)
(1 + 2l+2)2
tk+1−j(2l+3a)j
)
≥ t+
j − 1
2
− 1 + j(l + 3)− (j − 1)
≥ t+ 2l + 4.
8So, we obtain
f(1+2l+2 + 2l+3a)− (1 + 2l+2 + 2l+3a)
≡ (1 + 2l+2)2
tk+1 +
(
2tk+1
1
)
(1 + 2l+2)2
tk(2l+3a)− (1 + 2l+2 + 2l+3a)
≡
(
(1 + 2l+2)2
tk − 1
)
(1 + 2l+2 + 2l+3a)
≡
( 2tk∑
j=0
(2tk
j
)
(2l+2)j − 1
)
(1 + 2l+2 + 2l+3a) (mod 2t+l+3).
For an integer j ≥ 3, the summand has the valuation
ν2
((
2tk
j
)
(2l+2)j
)
≥ t+
j − 1
2
− 1 + j(l + 2)− (j − 1)
≥ t+ 3l + 4.
So, we obtain
f(1+2l+2 + 2l+3a)− (1 + 2l+2 + 2l+3a)
≡
((2tk
1
)
2l+2 +
(2tk
2
)
(2l+2)2
)
(1 + 2l+2 + 2l+3a)
≡ 2t+l+2 (mod 2t+l+3).
Hence, ν2
(
bl+3(x)
)
= ν2
( f(1+2l+2+2l+3a)−(1+2l+2+2l+3a)
2l+3
)
= t− 1.
When x = −1 + 2l+2 + 2l+3a ∈ −1 + 2l+2 + 2l+3Z2 with a ∈ Z2, we can prove
it similarly. Therefore the proof is completed.
For the case m ≡ −1 (mod 4), we need the following.
Proposition 3.4 ([5], Proposition 7). Let σ be a weakly splitting cycle of f(x) at
level n ≥ 2. Then, one lift is a weakly splitting cycle at level n + 1 and the other
one weakly grows and then strongly splits.
Now, we are ready to prove the Proposition below.
Proposition 3.5. Let f(x) = xm over Z2 and assume m ≥ 2 withm ≡ −1 (mod 4).
Let t = ν2(m + 1). For every nonnegative integer l, there are exactly two cycles
{1 + 2l+2} and {−1 + 2l+2} of length 1 which weakly grow at level l + 3. All the
lifts of {1 + 2l+2} and {−1 + 2l+2} at level t+ l + 3 strongly grow.
Proof. Since m ≡ −1 (mod 4), we have t ≥ 2. Write m = 2tk − 1, then k is odd
and f(x) = x2
tk−1. We compute that f(±1) = (±1)2
tk−1 = ±1. So, ±1 are fixed
points at any level. Let l be any nonnegative integer and view {1} and {−1} be
cycles of length 1 at level l + 2.
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al+2(±1) = f
′(±1) = (2tk − 1)(±1)2
tk−2 ≡ 3 (mod 4),
and the quantity bl+2, as defined in (2),
bl+2(±1) =
f(±1)− (±1)
2l+2
≡ 0 (mod 2).
So, the cycles {1} and {−1} weakly split at level l + 2.
The lifts of {1} and {−1} from level l + 2 to level l + 3 are {1, 1 + 2l+2} and
{−1,−1 + 2l+2}, respectively. The points 1 + 2l+2 and −1 + 2l+2 are fixed points
at level l + 3 and by Proposition 3.4, weakly grow at level l + 3. Hence, the lifts
at level l + 4 are {1 + 2l+2, 1 + 2l+2 + 2l+3} and {−1 + 2l+2,−1 + 2l+2 + 2l+3},
respectively, which strongly split.
If we show the following expression, by statement 2 of Proposition 2.3, the
proof is complete:
ν2
(
bl+4(x)
)
= t−1 for all x ∈ (±1+2l+2+2l+4Z2)∪(±1+2
l+2+2l+3+2l+4Z2).
Suppose that x = 1+2l+2a+2l+4b ∈ (1+2l+2+2l+4Z2)∪(1+2
l+2+2l+3+2l+4Z2)
with a = 1 or 3 and b ∈ Z2. Since f
2(x) = x2
t+1k(2t−1k−1)+1, we compute that
f2(1+2l+2a+ 2l+4b)− (1 + 2l+2a+ 2l+4b)
= (1 + 2l+2a+ 2l+4b)2
t+1k(2t−1k−1)+1 − (1 + 2l+2a+ 2l+4b)
=
2t+1k(2t−1k−1)+1∑
j=0
(
2t+1k(2t−1k−1)+1
j
)
(1 + 2l+2a)2
t+1k(2t−1k−1)+1−j(2l+4b)j
− (1 + 2l+2a+ 2l+4b).
For an integer j ≥ 2, the summand has the valuation
ν2
((2t+1k(2t−1k−1)+1
j
)
(1 + 2l+2a)2
t+1k(2t−1k−1)+1−j(2l+4b)j
)
≥ (t+ 1) +
j − 1
2
− 1 + j(l + 4)− (j − 1)
≥ t+ 2l + 7.
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So, we obtain
f2(1+2l+2a+ 2l+4b)− (1 + 2l+2a+ 2l+4b)
≡ (1 + 2l+2a)2
t+1k(2t−1k−1)+1
+
(
2t+1k(2t−1k−1)+1
1
)
(1 + 2l+2a)2
t+1k(2t−1k−1)(2l+4b)
− (1 + 2l+2a+ 2l+4b)
≡ ((1 + 2l+2a)2
t+1k(2t−1k−1) − 1)(1 + 2l+2a+ 2l+4b)
≡
( 2t+1k(2t−1k−1)∑
j=0
(2t+1k(2t−1k−1)
j
)
(2l+2a)j − 1
)
(1 + 2l+2a+ 2l+4b)
(mod 2t+l+4).
For an integer j ≥ 3, the summand has the valuation
ν2
((2t+1k(2t−1k−1)
j
)
(2l+2a)j
)
≥ (t+ 1) +
j − 1
2
− 1 + j(l + 2)− (j − 1)
≥ t+ 3l + 5.
So, we obtain
f2(1+2l+2a+ 2l+4b)− (1 + 2l+2a+ 2l+4b)
≡
((
2t+1k(2t−1k−1)
1
)
2l+2a+
(
2t+1k(2t−1k−1)
2
)
(2l+2a)2
)
(1 + 2l+2a+ 2l+4b)
≡ 2t+l+3 (mod 2t+l+4).
Hence, ν2
(
bl+4(x)
)
= ν2
( f2(1+2l+2a+2l+4b)−(1+2l+2a+2l+4b)
2l+4
)
= t− 1.
When x = −1+2l+2a+2l+4b ∈ (−1+2l+2+2l+4Z2)∪(−1+2
l+2+2l+3+2l+4Z2)
with a = 1 or 3 and b ∈ Z2, we can prove it similarly. Therefore the proof is
complete.
By Propositions 3.1, 3.3 and 3.5, we conclude that the following is true.
Theorem 3.6. Let f(x) = xm over Z2 and assume m ≥ 2 with m ≡ 1 (mod 2).
Let l be a nonnegative integer.
1. If m ≡ 1 (mod 4), let t = ν2(m − 1). Then, the minimal decomposition of
Z2 for f(x) is
Z2 = {0,±1}
⊔(⋃
l≥0
2t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)⊔
(2Z2 − {0}),
where
Ml,a,1 = 1 + 2
l+2 + 2l+3a+ 2t+l+2Z2 and
Ml,a,2 = −1 + 2
l+2 + 2l+3a+ 2t+l+2Z2.
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Here, {0,±1} is the set of fixed points, Ml,a,i’s are the minimal components,
and 2Z2 − {0} is the attracting basin of the fixed point 0.
2. If m ≡ −1 (mod 4), let t = ν2(m+ 1). Then, the minimal decomposition of
Z2 for f(x) is
Z2 = {0,±1}
⊔(⋃
l≥0
2t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)⊔
(2Z2 − {0}),
where
Ml,a,1 = (1 + 2
l+2 + 2l+4a+ 2t+l+3Z2)
∪
(
(1 + 2l+2 + 2l+4a)−1 + 2t+l+2 + 2t+l+3Z2
)
and
Ml,a,2 = (−1 + 2
l+2 + 2l+4a+ 2t+l+3Z2)
∪
(
(−1 + 2l+2 + 2l+4a)−1 + 2t+l+2 + 2t+l+3Z2
)
.
Here, {0,±1} is the set of fixed points, Ml,a,i’s are minimal components, and
2Z2 − {0} is the attracting basin of the fixed point 0.
Proof. 1. The lifts of {1+2l+2} and {−1+2l+2} at level t+ l+2 are of the forms
{1+2l+2+2l+3a} and {−1+2l+2+2l+3a}, respectively, where a ∈ {0, . . . , 2t−1−1}.
Hence from Propositions 3.1 and 3.3, the statement is proved.
2. The lifts of {1 + 2l+2, 1 + 2l+2 + 2l+3} and {−1 + 2l+2,−1 + 2l+2 + 2l+3} at
level t + l + 3 are of the forms {1 + 2l+2 + 2l+4a, (1 + 2l+2 + 2l+4a)−1 + 2t+l+2}
and {−1 + 2l+2 + 2l+4a, (−1 + 2l+2 + 2l+4a)−1 + 2t+l+2}, respectively, where a ∈
{0, . . . , 2t−1−1}. Hence from Propositions 3.1 and 3.5, the statement is proved.
4 Minimal decompositions of monomials on Z3
In this section, we study the dynamical structure of monomials on the ring Z3.
Let f(x) = xm with an integer m ≥ 2. We categories the monomials depending on
the exponentials m which we divide into three cases: m ≡ 0, 1 and −1 (mod 3).
Firstly, consider the case m ≡ 0 (mod 3).
Theorem 4.1. Let f(x) = xm over Z3 and assume m ≥ 2 with m ≡ 0 (mod 3).
1. If m ≡ 0 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0, 1}
⊔(
(3Z3 − {0}) ∪ (1 + 3Z3 − {1}) ∪ (−1 + 3Z3)
)
.
Here, {0, 1} is the set of fixed points and the other sets are the attracting
basin of {0, 1}.
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2. If m ≡ 3 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0,±1}
⊔(
(3Z3 − {0}) ∪ (1 + 3Z3 − {1}) ∪ (−1 + 3Z3 − {−1})
)
.
Here, {0,±1} is the set of fixed points and the other sets are the attracting
basin of {0,±1}.
Proof. 1. Assume that m ≡ 0 (mod 6). Then, f(1) = 1 and a1(1) = f
′(1) =
m ≡ 0 (mod 3). So, {1} is a cycle of length 1 at level 1 which grows tails by
Definition 2.4. By statement 3 of Proposition 2.5, f(x) has a fixed point 1 in
the clopen set 1 + 3Z3 with 1 + 3Z3 lying in its attracting basin. We check that
f(−1) ≡ 1 (mod 3) implies f(−1 + 3Z3) ⊆ 1 + 3Z3. Therefore, with Proposition
3.1, the proof of statement 1 is complete.
2. Assume that m ≡ 3 (mod 6). Then, f(±1) = ±1, a1(±1) = f
′(±1) =
m(±1)m−1 ≡ 0 (mod 3). So, {1} and {−1} are cycles of length 1 at level 1 which
grow tails by Definition 2.4. By statement 3 of Proposition 2.5, f(x) has fixed
points ±1 in the clopen set 1+3Z3 and −1+3Z3 with 1+3Z3 and −1+3Z3 lying
their attracting basins, respectively. Therefore, with Proposition 3.1, the proof of
statement 2 is completed.
Secondly, consider the case m ≡ 1 (mod 3).
Proposition 4.2. Let f(x) = xm over Z3 and assume m ≥ 2 with m ≡ 1 (mod 3).
Let t = ν3(m− 1).
1. If m ≡ 1 (mod 6), then f(x) has 4 · 3t−1 growing cycles of length 1 at every
level ≥ t+ 1.
2. If m ≡ 4 (mod 6), then f(x) has 2 · 3t−1 growing cycles of length 1 at every
level ≥ t+ 1.
Proof. 1. For m ≡ 1 (mod 6), we have t ≥ 1. Write m = 3tk + 1 with 3 6 | k and
k even. We compute that f(±1) = ±1. So, ±1 are fixed points at any level. Let
l be any nonnegative integer and view {1} and {−1} as cycles of length 1 at level
l + 1.
We compute the quantity al+1, as defined in (1),
al+1(±1) = f
′(±1) = (3tk + 1)(±1)3
tk ≡ 1 (mod 3),
and the quantity bl+1, as defined in (2),
bl+1(±1) =
f(±1)− (±1)
3l+1
=
(±1)3
tk+1 − (±1)
3l+1
≡ 0 (mod 3).
By Definition 2.4, the cycles {1} and {−1} split at level l + 1 .
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The lift of {1} from level l+ 1 to level l+ 2 is {1, 1 + 3l+1, 1 + 2 · 3l+1}, where
each point is fixed by f at level l+ 2. We compute the quantity Al+2 for 1 + 3
l+1
and 1 + 2 · 3l+1, as defined in (3). For these points, write 1 + 3l+1c in Z3 with
c = i+ 3g where i = 1 or 2 and for some g ∈ Z3. We compute that
al+2(1 + 3
l+1c) = f ′(1 + 3l+1c)
= (3tk + 1)(1 + 3l+1c)3
tk
=
3tk∑
j=0
(
3tk
j
)
(3l+1c)j +
3tk∑
j=0
(
3tk
j
)
3j(l+1)+tcjk.
For j ≥ 1, the summand in the first term has the valuation
ν3
((
3tk
j
)
(3l+1c)j
)
≥ t+
⌊ j
3
⌋
− 1 + j(l + 1)− (j − 2)
≥ t+ l + 1.
For j ≥ 1, the summand in the second term has the valuation
ν3
((
3tk
j
)
3j(l+1)+tcjk
)
≥ t+
⌊ j
3
⌋
− 1 + j(l + 1) + t− (j − 2)
≥ 2t+ l + 1.
So, we obtain that
al+2(1 + 3
l+1c) ≡
(3tk
0
)
+
(3tk
0
)
3tk ≡ 1 + 3tk (mod 3t+l+1).
Hence,
Al+2 = ν3
(
al+2(1 + 3
l+1c)− 1
)
= ν3(3
tk) = t.
Now we compute the quantity Bl+2 for 1 + 3
l+1 and 1 + 2 · 3l+1, as defined in
(3). For these points, as above write 1 + 3l+1c in Z3 with c = i+ 3g where i = 1
or 2 and for some g ∈ Z3. We compute that
f(1 + 3l+1c)− (1 + 3l+1c) = (1 + 3l+1c)3
tk+1 − (1 + 3l+1c)
=
3tk+1∑
j=0
(
3tk+1
j
)
(3l+1c)j − (1 + 3l+1c).
For j = 2, the summand has the valuation
ν3
((3tk+1
2
)
(3l+1c)2
)
= ν3
(1
2
(3tk + 1)(3tk)(32(l+1))c2
)
= t+ 2l + 2.
For j ≥ 3, the summand has the valuation
ν3
((
3tk+1
j
)
(3l+1c)j
)
≥ t+
⌊ j
3
⌋
− 1 + j(l + 1)− (j − 2)
≥ t+ 3l + 2.
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So, we obtain that
f(1 + 3l+1c)− (1 + 3l+1c) ≡
(3tk+1
0
)
+
(3tk+1
1
)
(3l+1c)− (1 + 3l+1c)
≡ 3t+l+1kc (mod 3t+l+2).
Hence,
Bl+2 = ν3(bl+2) = ν3
(f(1 + 3l+1c)− (1 + 3l+1c)
3l+2
)
= t− 1.
If 0 ≤ l ≤ t − 3, we have Al+2 = t and Bl+2 = t − 1. By Definition (3) of
Bl+2, Bl+2 = t − 1 implies Bl+3 = t − 2, Bl+4 = t − 3, . . . , Bl+s+2 = t − s − 1
and Bl+s+3 = t− s − 2 for some
t−l−5
2 < s ≤
t−l−3
2 . Then, Bl+s+3 = t − s − 2 <
t = Al+s+3 and Bl+s+3 = t− s− 2 < l + s+ 3. By Proposition 2.6, all the lifts of
{1 + 3l+1i} at level t+ l+ 1 grow forever. So, we obtain 2 · 3t−1 growing cycles of
length 1 at level t+ l + 1.
If l > t − 3, since Bl+2 = t − 1 < t = Al+2 and Bl+2 = t − 1 < l + 2, by
Proposition 2.6, all the lifts of {1 + 3l+1i} at level t+ l + 1 grow forever. So, we
obtain 2 · 3t−1 growing cycles of length 1 at level t+ l + 1.
The same conclusion can be drawn for the lifts of {−1} by the same argument
of the proof for lifts of {1}. Combine these two, we obtain 4 · 3t−1 growing cycles
of length 1 at level t+ l + 1.
2. Form ≡ 4 (mod 6), we compute that f(1) = 1 and f(−1) = 1 6≡ −1 (mod 3).
So, only 1 is the fixed point at any level, which is different from statement 1. With
the same argument, we obtain that the number of growing cycles at level ≥ t+ 1
is 2 · 3t−1, which is a half of that in statement 1. This completes the proof.
By Propositions 3.1 and 4.2, we conclude that the following is true.
Theorem 4.3. Let f(x) = xm over Z3 and assume m ≥ 2 with m ≡ 1 (mod 3).
Let t = ν3(m− 1).
1. If m ≡ 1 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0,±1}
⊔(⋃
l≥0
3t−1−1⋃
a=0
2⋃
i=1
2⋃
j=1
Ml,a,i,j
)⊔
(3Z3 − {0}),
where
Ml,a,i,1 = 1 + 3
l+1i+ 3l+2a+ 3t+l+1Z3 and
Ml,a,i,2 = −1 + 3
l+1i+ 3l+2a+ 3t+l+1Z3.
Here, {0,±1} is the set of fixed points, Ml,a,i,j’s are the minimal components,
and 3Z3 − {0} is the attracting basin of the fixed point 0.
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2. If m ≡ 4 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0, 1}
⊔(⋃
l≥0
3t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)⊔(
(3Z3 − {0}) ∪ (2 + 3Z3)
)
,
where Ml,a,i = 1 + 3
l+1i + 3l+2a + 3t+l+1Z3. Here, {0, 1} is the set of fixed
points, Ml,a,i’s are the minimal components, and (3Z3 − {0}) ∪ (2 + 3Z3) is
the attracting basin.
Proof. 1. The lifts of {1 + 3l+1i} and {−1 + 3l+1i} at level t + l + 1 are of the
forms {1 + 3l+1i+ 3l+2a} and {−1 + 3l+1i+ 3l+2a}, respectively, where i ∈ {1, 2}
and a ∈ {0, . . . , 3t−1 − 1}. Hence from Propositions 3.1 and 4.2, the statement is
proved.
2. The lifts of {1+3l+1i} at level t+ l+1 are of the forms {1+3l+1i+3l+2a},
respectively, where i ∈ {1, 2} and a ∈ {0, . . . , 3t−1 − 1}. We check that f(2) ≡
1 (mod 3) implies f(2+ 3Z3) ⊆ 1+3Z3. Hence from Propositions 3.1 and 4.2, the
statement is proved.
Now, we consider the case m ≡ −1 (mod 3).
Proposition 4.4. Let f(x) = xm over Z3 and assume m ≥ 2 withm ≡ −1 (mod 3).
Let t = ν3(m+ 1).
1. If m ≡ 2 (mod 6), then f(x) has 3t−1 growing cycles of length 2 at every
level ≥ t+ 1.
2. If m ≡ 5 (mod 6), then f(x) has 2 · 3t−1 growing cycles of length 2 at every
level ≥ t+ 1.
Proof. 2. We prove statement 2 firstly. For m ≡ 5 (mod 6), we have t ≥ 1. Write
m = 3tk−1 then k is even. We compute that f(±1) = ±1. So, ±1 are fixed points
at any level. Let l be any nonnegative integer and view {1} and {−1} as cycles of
length 1 at level l + 1.
We compute the quantity al+1, as defined in (1),
al+1(±1) = f
′(±1) = (3tk − 1)(±1)3
tk−2 ≡ 2 (mod 3).
By Definition 2.4, the cycles {1} and {−1} partially split at level l + 1.
By statement 4 in Proposition 2.5, the lifts of {1} and {−1} from level l+1 to
level l + 2 contain 2-cycles {1 + 3l+1, 1 + 3l+1 · 2} and {−1 + 3l+1,−1 + 3l+1 · 2}.
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We consider the cycle {1 + 3l+1, 1 + 3l+1 · 2}. Compute the quantity al+2, as
defined in (1).
al+2(1 + 3
l+1) = f ′(1 + 3l+1) · f ′(1 + 3l+1 · 2)
= (3tk − 1)(1 + 3l+1)3
tk−2 · (3tk − 1)(1 + 3l+1 · 2)3
tk−2
≡ 1 (mod 3).
We compute the quantity bl+2, as defined in (2). Since (1 + 3
l+1)3
tk ≡ 1 +
3t+l+1k (mod 3t+l+2) and (1 + 3l+1)−1 = 1− 3l+1 + (3l+1)2 − (3l+1)3 + . . . ,
f(1 + 3l+1) = (1 + 3l+1)3
tk−1
≡ (1 + 3t+l+1k)(1 + 3l+1)−1
≡ (1 + 3l+1)−1 + 3t+l+1k (mod 3t+l+2),
and then
f2(1 + 3l+1)− (1 + 3l+1)
≡ f
(
(1 + 3l+1)−1 + 3t+l+1k
)
− (1 + 3l+1)
≡
3tk−1∑
j=0
(3tk−1
j
)(
(1 + 3l+1)−1
)3tk−1−j
(3t+l+1k)j − (1 + 3l+1)
≡
(
(1 + 3l+1)−1
)3tk−1
+
(3tk−1
1
)(
(1 + 3l+1)−1
)3tk−2
(3t+l+1k)
− (1 + 3l+1)− 2 · 3t+l+1k (mod 3t+l+2).
Since (1 + 3l+1)−3
tk ≡ 1− 3t+l+1k (mod 3t+l+2), then f2(1 + 3l+1)− (1 + 3l+1) ≡
−3t+l+1 · 2k (mod 3t+l+2). Hence,
f2(1 + 3l+1)− (1 + 3l+1) = −3t+l+1 · 2k + 3t+l+2c
for some c ∈ Z. Then,
bl+2(1 + 3
l+1) = −2 · 3t−1k + 3tc
{
≡ 0 (mod 3), if t ≥ 2;
6≡ 0 (mod 3), if t = 1.
Therefore the cycle {1+3l+1, 1+3l+1 · 2} grows when t = 1, and splits when t ≥ 2
at level l + 2.
Next we compute the quantity Al+2, as defined in (3). For any g1, g2 ∈ Z3,
al+2(1 + 3
l+1 + 3l+2g1)
= f ′(1 + 3l+1 + 3l+2g1) · f
′(1 + 3l+1 · 2 + 3l+2g2)
= (3tk − 1)(1 + 3l+1 + 3l+2g1)
3tk−2 · (3tk − 1)(1 + 3l+1 · 2 + 3l+2g2)
3tk−2
= (1− 3t · 2k + 32tk2)(1 + 3l+2g)3
tk−2
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where g = 1+g2+g2+3
l(1+3g1)(2+3g2). Since
(
1+3l+2g
)3tk
≡ 1 (mod 3t+l+2),
al+2(1 + 3
l+1 + 3l+2g1) ≡ (1− 3
t · 2k + 32tk2)(1 + 3l+2g)−2 (mod 3t+l+2),
and since (1 + 3l+2g)−1 = 1− (3l+2g) + (3l+2g)2 − (3l+2g)3 + · · · ,
(1 + 3l+2g)−2 = 1− 2(3l+2g) + 3(3l+2g)2 − 4(3l+2g)3 + 5(3l+2g)4 − · · · .
So, we obtain
al+2(1 + 3
l+1 + 3l+2g1)
≡ (1 + 3l+2g)−2 − 3t · 2k + 32tk2
≡ 1− 2(3l+2g) + 3(3l+2g)2 − 4(3l+2g)3 + 5(3l+2g)4 − . . .
− 3t · 2k + 32tk2 (mod 3t+l+2).
Hence,
Al+2 = ν3
(
al+2(1 + 3
l+1 + 3l+2g1)− 1
)


≥ l + 2 if l + 2 < t,
≥ t if l + 2 = t,
= t if l + 2 > t.
We compute the quantity Bl+2, as defined in (3). Let h = 1 + 3g1. Then,
bl+2(1+3
l+1+3l+2g1) = bl+2(1+3
l+1h). Since (1+3l+1h)3
tk ≡ 1+3t+l+1kh (mod 3t+l+2)
and (1 + 3l+1h)−1 = 1− 3l+1h+ (3l+1h)2 − (3l+1h)3 + · · · , we obtain that
f(1 + 3l+1h) = (1 + 3l+1h)3
tk−1
≡ (1 + 3l+1h)−1 + 3t+l+1kh (mod 3t+l+2).
So we compute the following.
f2(1+3l+1h)− (1 + 3l+1h)
≡ f
(
(1 + 3l+1h)−1 + 3t+l+1kh
)
− (1 + 3l+1h)
≡
(
(1 + 3l+1h)−1 + 3t+l+1kh
)3tk−1
− (1 + 3l+1h)
≡
3tk−1∑
j=0
(
3tk−1
j
)(
(1 + 3l+1h)−1
)3tk−1−j
(3t+l+1kh)j − (1 + 3l+1h)
≡
(3tk−1
0
)(
(1 + 3l+1h)−1
)3tk−1
+
(3tk−1
1
)(
(1 + 3l+1h)−1
)3tk−2
(3t+l+1kh)
− (1 + 3l+1h)
≡ (1 + 3l+1h)−3
tk+1 − (1 + 3l+1h)−3
tk+2(3t+l+1kh)
− (1 + 3l+1h) (mod 3t+l+2).
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Since (1 + 3l+1h)−3
tk ≡ 1− 3t+l+1kh (mod 3t+l+2),
f2(1 + 3l+1h)− (1 + 3l+1h) ≡ 1 + 3l+1h− 3t+l+1 · 2kh− (1 + 3l+1h)
≡ −3t+l+1 · 2kh (mod 3t+l+2).
Therefore, we obtain
Bl+2 = ν3(bl+2(1 + 3
l+1h)) = ν3
(f2(1 + 3l+1h)− (1 + 3l+1h)
3l+2
)
= t− 1.
If l + 2 < t, then we have Al+2 ≥ l + 2 and Bl+2 = t − 1. By Definition (3),
we can check that An ≥ l + 2 for any level n ≥ l + 2. So, Bt = Bl+2+(t−l−2) =
t − 1 − (t − l − 2) = l + 1 < l + 2 ≤ At and Bt = l + 1 < l + 2 < t. Therefore,
by Proposition 2.6, all the lifts of {1 + 3l+1, 1 + 3l+1 · 2} at level t + l + 1 grow
forever, hence we obtain that 3t−l−2 · 3l+1 = 3t−1 growing cycles of length 2 at
level t+ l + 1.
If l+2 ≥ t, then we have Al+2 ≥ t and Bl+2 = t−1. So, Bl+2 = t−1 < t ≤ Al+2
and Bl+2 = t − 1 < t ≤ l + 2. Therefore, by Proposition 2.6, all the lifts of
{1 + 3l+1, 1 + 3l+1 · 2} at level t + l + 1 grow forever, hence we obtain that 3t−1
growing cycles of length 2 at level t+ l + 1.
For the cycle {−1 + 3l+1,−1 + 3l+1 · 2}, we can analysis analogously. So, we
obtain that 3t−1 growing cycles of length 2 at level t+ l + 1. Combine these two
cases, we conclude that there are 2 ·3t−1 growing cycles of length 2 at level t+ l+1,
as required.
1. Form ≡ 2 (mod 6), we compute that f(1) = 1 and f(−1) = 1 6≡ −1 (mod 3).
So, only 1 is a fixed point at any level, which is different from the case of statement
2. With the same argument, we obtain that the number of growing cycles at level
≥ t+ 1, which is a half of that in statement 2. This completes the proof.
By Propositions 3.1 and 4.4, we conclude that the following is true.
Theorem 4.5. Let f(x) = xm over Z3 and assume m ≥ 2 with m ≡ 2 (mod 3).
Let t = ν3(m+ 1).
1. If m ≡ 2 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0, 1}
⊔(⋃
l≥0
3t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)⊔(
(3Z3 − {0}) ∪ (2 + 3Z3)
)
,
where Ml,a = (1+3
l+1+3l+2a+3t+l+1Z3)∪
(
(1+3l+1+3l+2a)−1+3t+l+1Z3
)
.
Here, {0, 1} is the set of fixed points, Ml,a’s are the minimal components, and
3Z3−{0} and 2+3Z3 are the attracting basin of 0 and 1+3Z3, respectively.
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2. If m ≡ 5 (mod 6), then the minimal decomposition of Z3 for f(x) is
Z3 = {0,±1}
⊔(⋃
l≥0
3t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)⊔
(3Z3 − {0}),
where
Ml,a,1 = (1 + 3
l+1 + 3l+2a+ 3t+l+1Z3)
∪
(
(1 + 3l+1 + 3l+2a)−1 + 3t+l+1Z3
)
and
Ml,a,2 = (−1 + 3
l+1 + 3l+2a+ 3t+l+1Z3)
∪
(
(−1 + 3l+1 + 3l+2a)−1 + 3t+l+1Z3
)
.
Here, {0,±1} is the set of fixed points, Ml,a,i’s are the minimal components,
and 3Z3 − {0} is the attracting basin of the fixed point 0.
Proof. 1. The lifts of {1 + 3l+1, 1 + 3l+1 · 2} at level t + l + 1 are of the forms
{1 + 3l+1 + 3l+2a, (1 + 3l+1 + 3l+2a)−1}, where a ∈ {0, . . . , 3t−1 − 1}. We check
that f(2) ≡ 1 (mod 3) implies f(2+ 3Z3) ⊆ 1 + 3Z3. Hence from Propositions 3.1
and 4.4, the statement is proved.
2. The lifts of {1 + 3l+1, 1 + 3l+1 · 2} and {−1 + 3l+1,−1 + 3l+1 · 2} at level
t+ l+1 are of the forms {1+3l+1+3l+2a, (1+ 3l+1+3l+2a)−1} and {−1+3l+1+
3l+2a, (−1 + 3l+1 + 3l+2a)−1}, respectively, where a ∈ {0, . . . , 3t−1 − 1}. Hence
from Propositions 3.1 and 4.4, the statement is proved.
5 Minimal decompositions of monomials on Z5
In this section, we study the dynamical structure of monomials on the ring Z5. Let
f(x) = xm with an integer m ≥ 2. We categories the monomials depending on the
exponentials m which we divide into five cases: m ≡ 0, 1,−1, 2, and −2 (mod 5).
The polynomial x5−x over Z5 is factored as x(x−1)(x+1)(x− i)(x+ i) where
i = 2+5+ 2 · 52+ · · · ∈ Z5 and −i = 3+3 · 5+ 2 · 5
2+ · · · ∈ Z5. We say that i ≡ 2
and −i ≡ 3 (mod 5).
Firstly, consider the case m ≡ 0 (mod 5).
Theorem 5.1. Let f(x) = xm over Z5 and assume m ≥ 2 with m ≡ 0 (mod 5).
1. If m ≡ 0 (mod 10), then the minimal decomposition of Z5 for f(x) is
Z5 = {0, 1}
⊔(
(5Z5 − {0}) ∪ (1 + 5Z5 − {1}) ∪ (2 + 5Z5) ∪ (3 + 5Z5)
∪ (4 + 5Z5)
)
.
20
Here, {0, 1} is the set of fixed points and the sets 5Z5 − {0} and (1 + 5Z5 −
{1}) ∪ (2 + 5Z5) ∪ (3 + 5Z5) ∪ (4 + 5Z5) are the attracting basin of the fixed
points 0 and 1, respectively.
2. If m ≡ 5 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(
(5Z5 − {0}) ∪ (1 + 5Z5 − {1})
∪ (2 + 5Z5 − {i}) ∪ (3 + 5Z5 − {−i}) ∪ (4 + 5Z5 − {−1})
)
.
Here, {0,±1,±i} is the set of fixed points and the sets 5Z5−{0}, 1+5Z5−{1},
2 + 5Z5 − {i}, 3 + 5Z5 − {−i}, and 4 + 5Z5 − {−1} are the attracting basin
of the fixed points 0, 1, i, −i and −1, respectively.
3. If m ≡ 15 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(
(5Z5 − {0}) ∪ (1 + 5Z5 − {1})
∪ (2 + 5Z5 − {i}) ∪ (3 + 5Z5 − {−i}) ∪ (4 + 5Z5 − {−1})
)
.
Here, {0,±1,±i} is the set of periodic points, where 0,±1 are fixed points and
±i are two periodic points to each other. The sets 5Z5 −{0}, 1 + 5Z5 −{1},
4+5Z5−{−1} and (2+5Z5−{i})∪ (3+5Z5−{−i}) are the attracting basin
of 0, 1,−1 and {±i}, respectively.
Proof. 1. For m ≡ 0 (mod 10), write m = 10d with d ≥ 1. Since f(1) = 1, {1} is
a cycle of length 1 at level 1.
We compute the quantity a1 for the above cycles, as defined in (1). Since
f ′(x) = 10d · x10d−1, then a(1) = f ′(1) = 10d ≡ 0 (mod 5). Therefore, {1} grows
tails at level 1 by Definition 2.4. By statement 3 of Proposition 2.5, f(x) has a
fixed point 1 ∈ 1 + 5Z5, with 1 + 5Z5 lying in its attracting basin.
If d is even, then f(2) ≡ 1, f(3) ≡ 1 and f(4) ≡ 1 (mod 5), which imply that
f(2+5Z5)∪f(3+5Z5)∪f(4+5Z5) ⊂ 1+5Z5. So, (2+5Z5)∪ (3+5Z5)∪ (4+5Z5)
lies in the attracting basin of 1.
If d is odd, then f(2) ≡ 4, f(3) ≡ 4 and f(4) ≡ 1 (mod 5), which imply that
f(2+ 5Z5)∪ f(3+ 5Z5) ⊂ 4+ 5Z5 and f(4+ 5Z5) ⊂ 1+ 5Z5. So, (2+ 5Z5)∪ (3 +
5Z5) ∪ (4 + 5Z5) lies in the attracting basin of 1.
Therefore, with Proposition 3.1, the proof of statement 1 is completed.
2. For m ≡ 5 (mod 20), write m = 5+ 20d with d ≥ 0. Since f(±1) = ±1 and
f(±i) = ±i, {1}, {−1}, {i} and {−i} are cycles of length 1 at level 1.
We compute the quantity a1 for the above cycles, as defined in (1). Since
f ′(x) = (5 + 20d)x4+20d, then a(±1) = f ′(±1) = (5 + 20d)(±1)4+20d ≡ 0 and
a(±i) = f ′(±i) = (5 + 20d)(±i)4+20d ≡ 0 (mod 5). Therefore, {1}, {−1}, {i} and
{−i} grow tails at level 1 by Definition 2.4. The monomial f(x) has fixed points
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1 in 1 + 5Z5, i in 2 + 5Z5, −i in 3 + 5Z5 and −1 in 4 + 5Z5, hence by statement 3
of Proposition 2.5 and Proposition 3.1, the proof of statement 2 is completed.
3. For m ≡ 15 (mod 20), write m = 15 + 20d with d ≥ 0. Since f(±1) = ±1
and f(±i) = ∓i, {1} and {−1} are cycles of length 1 and {±i} is a cycle of length
2 at level 1.
We compute the quantity a1 for the above cycles, as defined in (1). Since
f ′(x) = (15 + 20d)x14+20d, then a(±1) = f ′(±1) = (15 + 20d)(±1)14+20d ≡ 0 and
a(i) = f ′(i)f ′(−i) = (15+20d)i14+20d ·(15+20d)(−i)14+20d ≡ 0 (mod 5). Therefore,
{1}, {−1} and {±i} grow tails at level 1 by Definition 2.4. The monomial f(x)
has periodic points 1 in 1 + 5Z5, −1 in 4 + 5Z5, ±i in (2 + 5Z5)∪ (3 + 5Z5), hence
by statement 3 of Proposition 2.5 and Proposition 3.1, the proof of statement 3 is
completed.
Now we consider the case m ≡ 1 (mod 5).
Proposition 5.2. Let f(x) = xm over Z5 and assume m ≥ 2 with m ≡ 1 (mod 5).
Let t = ν5(m− 1).
1. If m ≡ 1 (mod 20), then f(x) has 16 ·5t−1 growing cycles of length 1 at every
level ≥ t+ 1.
2. If m ≡ 6 (mod 10), then f(x) has 4 · 5t−1 growing cycles of length 1 at every
level ≥ t+ 1.
3. If m ≡ 11 (mod 20), then f(x) has 8 · 5t−1 growing cycles of length 1 and
4 · 5t−1 growing cycles of length 2 at every level ≥ t+ 1.
Proof. 1. For m ≡ 1 (mod 20), we have t ≥ 1. Write m = 5t · 4d + 1 for some d.
We compute that f(±1) = ±1 and f(±i) = (±i)5
t·4d+1 = ±i. So, ±1 and ±i are
fixed points at any level. Let l be any nonnegative integer and view {1}, {−1},
{i} and {i} as cycles of length 1 at level l + 1.
We compute the quantity al+1, as defined in (1),
al+1(±1) = f
′(±1) = (5t · 4d+ 1)(±1)5
t ·4d ≡ 1 (mod 5) and
al+1(±i) = f
′(±i) = (5t · 4d+ 1)(±i)5
t ·4d ≡ 1 (mod 5),
and the quantity bl+1, as defined in (2),
f(±1)− (±1) = (±1)5
t·4d+1 − (±1) = ±1− (±1) = 0 and
f(±i)− (±i) = (±i)5
t·4d+1 − (±i) = ±i− (±i) = 0,
hence
bl+1(±1) =
f(±1)− (±1)
5l+1
= 0 and bl+1(±i) =
f(±i)− (±i)
5l+1
= 0.
22
Therefore the cycles {1}, {−1}, {i} and {−i} split at level l + 1.
For the cycles {1} and {−1}, with the similar process of the proof of Proposition
4.2, we obtain 4 · 5t−1 growing lifts of length 1 at level t+ l + 1, respectively.
The lift of {i} from level l + 1 to level l + 2 is {i + 5l+1i} with i = 0, . . . , 4,
where each point is fixed by f at level l + 2. We compute the quantity Al+2 for
the points i + 5l+1i with i = 1, . . . , 4, as defined in (3). For these points, write of
the form i+5l+1c in Z5 with c = i+5g where i = 1, 2, 3, or 4 and for some g ∈ Z5.
We compute that
al+2(i+ 5
l+1c) = f ′(i+ 5l+1c)
= (5t · 4d+ 1)(i+ 5l+1c)5
t·4d
=
5t·4d∑
j=0
(5t·4d
j
)
i
5t·4d−j5j(l+1)+tcj · 4d+
5t·4d∑
j=0
(5t·4d
j
)
i
5t·4d−j(5l+1c)j ,
For j ≥ 1. the summand in the first term has the valuation
ν5
((5t·4d
j
)
i
5t·4d−j5j(l+1)+tcj · 4d
)
≥ t+
⌊ j
5
⌋
− 1 + j(l + 1) + t− (j − 4)
≥ 2t+ l + 3,
and the summand in the second term has the valuation
ν5
((5t·4d
j
)
i
5t·4d−j(5l+1c)j
)
≥ t+
⌊j
5
⌋
− 1 + j(l + 1)− (j − 4)
≥ t+ l + 3.
Therefore we obtain
al+2(i+ 5
l+1c) ≡
(
5t·4d
0
)
i
5t·4d5t · 4d+
(
5t·4d
0
)
i
5t·4d ≡ 1 + 5t · 4d (mod 5t+l+2),
and then
Al+2 = ν5
(
al+2(i+ 5
l+1c)− 1
)
= ν5(5
t · 4d) = t.
We compute the quantity Bl+2, as defined in (3). We obtain that
f(i+ 5l+1c)− (i+ 5l+1c) = (i+ 5l+1c)5
t·4d+1 − (i+ 5l+1c)
=
5t·4d+1∑
j=0
(
5t·4d+1
j
)
i
5t·4d+1−j(5l+1c)j − (i+ 5l+1c).
For j ≥ 2, the summand has the valuation
ν5
((
5t·4d+1
j
)
i
5t·4d+1−j(5l+1c)j
)
≥ t+
⌊ j
5
⌋
− 1 + j(l + 1)− (j − 4)
≥ t+ 2l + 3.
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Therefore, we obtain
f(i+ 5l+1c)− (i+ 5l+1c)
≡
(5t·4d+1
0
)
i
5t·4d+1 +
(5t·4d+1
1
)
i
5t·4d(5l+1c)− (i+ 5l+1c)
≡ 5t+l+1 · 4cd (mod 5t+l+2),
and then
Bl+2 = ν5(bl+2) = ν5
(f(i+ 5l+1c)− (i+ 5l+1c)
5l+2
)
= t− 1.
If 0 ≤ l ≤ t − 3, we obtain Al+2 = t and Bl+2 = t − 1. By Definition (3) of
Bl+2, Bl+2 = t − 1 implies Bl+3 = t − 2, Bl+4 = t − 3, . . . , Bl+s+2 = t − s − 1
and Bl+s+3 = t− s − 2 for some
t−l−5
2 < s ≤
t−l−3
2 . Then, Bl+s+3 = t − s − 2 <
t = Al+s+3 and Bl+s+3 = t− s− 2 < l + s+ 3. By Proposition 2.6, all the lifts of
{i+ 5l+1i} at level t+ l + 1 grow forever. So, we obtain 4 · 5t−1 growing cycles of
length 1 at level t+ l + 1.
For l > t − 3, since Bl+2 = t − 1 < t = Al+2 and Bl+2 = t − 1 < l + 2, by
Proposition 2.6, all the lifts of {i + 5l+1i} at level t + l + 1 grow forever. So, we
obtain 4 · 5t−1 growing cycles of length 1 at level t+ l + 1.
The same conclusion can be drawn for the lifts of {−i} by the same argument
of the proof for lifts of {i}. Combine these two, we obtain 16 · 5t−1 growing cycles
of length 1 at every level ≥ t+ 1.
2. For m ≡ 6 (mod 10), we compute that f(1) = 1 and f(j) 6≡ j (mod 5) for
j = 2, 3, or 4. So, only 1 is the fixed point at any level, which is different from
statement 1. With the same argument, we obtain that the number of growing
cycles at every level ≥ t+ 1 is 4 · 5t−1, which is a quarter of that in statement 1.
This completes the proof.
3. For m ≡ 11 (mod 20), we have t ≥ 1. Write m = 5t(2 + 4d) + 1 for some d.
We compute that f(±1) = ±1 and f(±i) = (±i)5
t(2+4d)+1 = ∓i. So, ±1 are fixed
points and {i,−i} is a cycle of length 2 at any level. Let l be any nonnegative
integer and view {1}, {−1} and {i,−i} as cycles at level l + 1.
We compute the quantity al+1, as defined in (1),
al+1(±1) = f
′(±1) =
(
5t(2 + 4d) + 1
)
(±1)5
t(2+4d) ≡ 1 (mod 5),
al+1(i) = f
′(i)f ′(−i)
=
(
5t(2 + 4d) + 1
)
i
5t(2+4d) ·
(
5t(2 + 4d) + 1
)
(−i)5
t(2+4d)
≡ 1 (mod 5),
and the quantity bl+1, as defined in (2),
f(±1)− (±1) = (±1)5
t(2+4d)+1 − (±1) = ±1− (±1) = 0,
f2(i)− (i) = f(−i)− (i) = i− i = 0,
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and so
bl+1(±1) =
f(±1)− (±1)
5l+1
= 0 and bl+1(±i) =
f2(i)− (i)
5l+1
= 0.
Hence, the cycles {1}, {−1} and {i,−i} split at level l + 1.
From the cycles {1} and {−1}, similarly with statement 1, we obtain 8 · 5t−1
growing cycles of length 1 at level t+ l + 1.
The lift of {i,−i} from level l + 1 to level l + 2 is ∪4i=0{i + 5
l+1i,−i − 5l+1i},
where {i+5l+1i,−i− 5l+1i} is a cycle of length 2 by f at level l+2. We compute
the quantity Al+2 for cycles i ∈ {1, 2, 3, 4}, as defined in (3).
al+2(i+ 5
l+1i+ 5l+2g1)
= f ′(i+ 5l+1i+ 5l+2g1)f
′(−i− 5l+1i+ 5l+2g2)
=
(
5t(2 + 4d) + 1
)
(i+ 5l+1i+ 5l+2g1)
5t(2+4d)
×
(
5t(2 + 4d) + 1
)
(−i− 5l+1i+ 5l+2g2)
5t(2+4d)
=
(
1 + 5t(4 + 8d) + 52t(2 + 4d)2
)
(1 + 5l+1g)5
t(4+8d)
where g1, g2 ∈ Z5 and g = −2i− 5
l+1i2 + 5(−g1 + g2)(i+ 5
l+1i) + 5l+3g1g2. Since
(1 + 5l+1g)5
t(4+8d) ≡ 1 + 5t+l+1(4 + 8d)g (mod 5t+l+2),
al+2(i+ 5
l+1i+ 5l+2g1)
≡
(
1 + 5t(4 + 8d) + 52t(2 + 4d)2
)(
1 + 5t+l+1(4 + 8d)g
)
≡ 1 + 5t(4 + 8d) + 52t(2 + 4d)2 + 5t+l+1(4 + 8d)g (mod 5t+l+2).
Therefore,
Al+2 = ν5
(
al+2(i+ 5
l+1i+ 5l+2g) − 1
)
= t.
We compute the quantity Bl+2, as defined in (3). Let h = i+ 5g1, for ∈ Z5.
f(i+ 5l+1h) = (i+ 5l+1h)5
t(2+4d)+1
=
5t(2+4d)+1∑
j=0
(5t(2+4d)+1
j
)
i
5t(2+4d)+1−j(5l+1h)j .
For j ≥ 2, the summand has the valuation
ν5
((5t(2+4d)+1
j
)
i
5t(2+4d)+1(5l+1h)j
)
≥ t+
⌊j
5
⌋
− 1 + j(l + 1)− (j − 4)
≥ t+ 2l + 3.
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So, we obtain
f(i+5l+1h)
≡
(
5t(2+4d)+1
0
)
i
5t(2+4d)+1 +
(
5t(2+4d)+1
1
)
i
5t(2+4d)(5l+1h)
≡ −i−
(
5t(2 + 4d) + 1
)
5l+1h (mod 5t+l+2).
Now we compute the following.
f2(i+ 5l+1h)− (i+ 5l+1h)
≡ −f
(
i+
(
5t(2 + 4d) + 1
)
5l+1h
)
− (i+ 5l+1h)
≡ −
5t(2+4d)+1∑
j=0
(5t(2+4d)+1
j
)
i
5t(2+4d)+1−j
((
5t(2 + 4d) + 1
)
5l+1h
)j
− (i+ 5l+1h) (mod 5t+l+2).
For j ≥ 2, the summand has the valuation
ν5
((5t(2+4d)+1
j
)
i
5t(2+4d)+1−j
((
5t(2 + 4d) + 1
)
5l+1h
)j)
≥ t+
⌊j
5
⌋
− 1 + j(l + 1)− (j − 4)
≥ t+ 2l + 3.
So, we obtain
f2(i+ 5l+1h)− (i+ 5l+1h)
≡ −
(5t(2+4d)+1
0
)
i
5t(2+4d)+1
−
(5t(2+4d)+1
1
)
i
5t(2+4d)
((
5t(2 + 4d) + 1
)
5l+1h
)
− (i+ 5l+1h)
≡ 5t+l+1(4 + 8d)h (mod 5t+l+2).
Therefore,
Bl+2 = ν5(bl+2) = ν5
(f2(i+ 5l+1h)− (i+ 5l+1h)
5l+2
)
= t− 1.
If 0 ≤ l ≤ t − 3, we obtain Al+2 = t and Bl+2 = t − 1. By Definition (3) of
Bl+2, Bl+2 = t − 1 implies Bl+3 = t − 2, Bl+4 = t − 3, . . . , Bl+s+2 = t − s − 1
and Bl+s+3 = t− s − 2 for some
t−l−5
2 < s ≤
t−l−3
2 . Then, Bl+s+3 = t − s − 2 <
t = Al+s+3 and Bl+s+3 = t− s− 2 < l + s+ 3. By Proposition 2.6, all the lifts of
{i+5l+1i,−i− 5l+1i} at level t+ l+1 grow forever. So, we obtain 4 · 5t−1 growing
cycles of length 2 at level t+ l + 1.
For l > t − 3, since Bl+2 = t − 1 < t = Al+2 and Bl+2 = t − 1 < l + 2, by
Proposition 2.6, all the lifts of {i+5l+1i,−i− 5l+1i} at level t+ l+1 grow forever.
So, we obtain 4 · 5t−1 growing cycles of length 2 at level t+ l + 1.
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Therefore, f(x) has 8 · 5t−1 growing cycles of length 1 and 4 · 5t−1 growing
cycles of length 2 at level ≥ t+ 1, which complete the proof.
By Propositions 3.1 and 5.2, we conclude that the following is true.
Theorem 5.3. Let f(x) = xm over Z5 and assume m ≥ 2 with m ≡ 1 (mod 5).
Let t = ν5(m− 1).
1. If m ≡ 1 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(⋃
l≥0
5t−1−1⋃
a=0
4⋃
i=1
4⋃
j=1
Ml,a,i,j
)⊔
(5Z5 − {0}),
where
Ml,a,i,1 = 1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5,
Ml,a,i,2 = −1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5,
Ml,a,i,3 = i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5 and
Ml,a,i,4 = −i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5.
Here, {0,±1,±i} is the set of fixed points, Ml,a,i,j’s are the minimal compo-
nents, and 5Z5 − {0} is the attracting basin of the fixed point 0.
2. If m ≡ 6 (mod 10), then the minimal decomposition of Z5 for f(x) is
Z5 = {0, 1}
⊔(⋃
l≥0
5t−1−1⋃
a=0
4⋃
i=1
Ml,a,i
)
⊔(
(5Z5 − {0}) ∪ (2 + 5Z5) ∪ (3 + 5Z5) ∪ (4 + 5Z5)
)
,
where Ml,a,i = 1 + 5
l+1i + 5l+2a + 5t+l+1Z5. Here, {0, 1} is the set of fixed
points, Ml,a,i’s are the minimal components, and (5Z5−{0}) is the attracting
basin of the fixed point 0 and (2+5Z5)∪(3+5Z5)∪(4+5Z5) is the attracting
basin of 1 + 5Z5.
3. If m ≡ 11 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(⋃
l≥0
5t−1−1⋃
a=0
4⋃
i=1
3⋃
j=1
Ml,a,i,j
)⊔
(5Z5 − {0}),
where
Ml,a,i,1 = 1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5,
Ml,a,i,2 = −1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5 and
Ml,a,i,3 = (i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪ (−i− 5l+1i− 5l+2a+ 5t+l+1Z5).
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Here, {0,±1,±i} is the set of periodic points, where 0,±1 are fixed points
and ±i are two periodic points to each other. Ml,a,i,j’s are the minimal
components, and 5Z5 − {0} is the attracting basin.
Proof. 1. The lifts of {1 + 5l+1i}, {−1 + 5l+1i}, {i+5l+1i} and {−i+5l+1i} from
level l+2 to level t+ l+1 are of the forms {1+5l+1i+5l+2a}, {−1+5l+1i+5l+2a},
{i+5l+1i+5l+2a} and {−i+5l+1i+5l+2a}, respectively, where i ∈ {1, 2, 3, 4} and
a ∈ {0, 1, . . . , 5t−1 − 1}. Note that when t = 1, the value a is only 0. Hence from
Propositions 3.1 and 5.2, the statement is proved.
2. The lifts of {1 + 5l+1i} from level l + 2 to level t + l + 1 are of the forms
{1 + 5l+1i+ 5l+2a}, respectively, where i ∈ {1, 2, 3, 4} and a ∈ {0, . . . , 5t−1 − 1}.
Write m = 6 + 10d, then d ≥ 0. If d is even, then f(2) ≡ 4, f(3) ≡ 4
and f(4) ≡ 1 (mod 5), which imply that f(2 + 5Z5) ∪ f(3 + 5Z5) ⊂ 4 + 5Z5
and f(4 + 5Z5) ⊂ 1 + 5Z5. So, (2 + 5Z5) ∪ (3 + 5Z5) ∪ (4 + 5Z5) lies in the
attracting basin of 1 + 5Z5. If d is odd, then f(2) ≡ 1, f(3) ≡ 1 and f(4) ≡ 1
(mod 5), which imply that f(2 + 5Z5) ∪ f(3 + 5Z5) ∪ f(4 + 5Z5) ⊂ 1 + 5Z5. So,
(2 + 5Z5) ∪ (3 + 5Z5) ∪ (4 + 5Z5) lies in the attracting basin of 1 + 5Z5. Hence
from Propositions 3.1 and 5.2, the statement is proved.
3. The lifts of {1 + 5l+1i}, {−1 + 5l+1i}, {i + 5l+1i,−i − 5l+1i} from level
l + 2 to level t+ l + 1 are of the forms {1 + 5l+1i+ 5l+2a}, {−1 + 5l+1i+ 5l+2a},
{i + 5l+1i + 5l+2a,−i − 5l+1i − 5l+2a}, respectively, where i ∈ {1, 2, 3, 4} and
a ∈ {0, . . . , 5t−1 − 1}. Hence from Propositions 3.1 and 5.2, the statement is
proved.
Now we consider the case m ≡ −1 (mod 5).
Proposition 5.4. Let f(x) = xm over Z5 and assume m ≥ 2 withm ≡ −1 (mod 5).
Let t = ν5(m+ 1).
1. If m ≡ 4 (mod 10), then f(x) has 2 · 5t−1 growing cycles of length 2 at every
level ≥ t+ 1.
2. If m ≡ 9 (mod 10), then f(x) has 8 · 5t−1 growing cycles of length 2 at every
level ≥ t+ 1.
We omit the proof of Proposition 5.4 because it is similar to that of Propositions
4.4 and 5.2. By Propositions 3.1 and 5.4, we conclude that the following is true.
Theorem 5.5. Let f(x) = xm over Z5 and assume m ≥ 2 with m ≡ −1 (mod 5).
Let t = ν5(m+ 1).
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1. If m ≡ 4 (mod 10), then the minimal decomposition of Z5 for f(x) is
Z5 = {0, 1}
⊔(⋃
l≥0
5t−1−1⋃
a=0
2⋃
i=1
Ml,a,i
)
⊔(
(5Z5 − {0}) ∪ (2 + 5Z5) ∪ (3 + 5Z5) ∪ (4 + 5Z5)
)
,
where Ml,a,i = (1+5
l+1i+5l+2a+5t+l+1Z5)∪
(
(1+5l+1i+5l+2a)−1+5t+l+1Z5
)
.
Here, {0, 1} is the set of fixed points, Ml,a,i’s are the minimal components,
and 5Z5 −{0} and (2 + 5Z5)∪ (3 + 5Z5)∪ (4 + 5Z5) are the attracting basin
of 0 and 1 + 5Z5, respectively.
2. If m ≡ 9 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔((⋃
l≥0
5t−1−1⋃
a=0
2⋃
i=1
4⋃
j=1
Ml,a,i,j
)⊔
(5Z5 − {0}),
where
Ml,a,i,1 = (1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(1 + 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
,
Ml,a,i,2 = (−1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(−1 + 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
,
Ml,a,i,3 = (i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(i+ 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
and
Ml,a,i,4 = (−i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(−i+ 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
.
Here, {0,±1,±i} is the set of fixed points, Ml,a,i,j’s are the minimal compo-
nents, and 5Z5 − {0} is the attracting basin of the fixed point 0.
3. If m ≡ 19 (mod 20), then the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔((⋃
l≥0
5t−1−1⋃
a=0
2⋃
i=1
2⋃
j=1
Ml,a,i,j
)
∪
(⋃
l≥0
5t−1−1⋃
a=0
4⋃
i=1
M ′l,a,i
))⊔
(5Z5 − {0}),
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where
Ml,a,i,1 = (1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(1 + 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
,
Ml,a,i,2 = (−1 + 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(−1 + 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
and
M ′l,a,i = (i+ 5
l+1i+ 5l+2a+ 5t+l+1Z5)
∪
(
(i+ 5l+1i+ 5l+2a)−1 + 5t+l+1Z5
)
.
Here, {0,±1,±i} is the set of periodic points, where 0,±1 are fixed points
and ±i are two periodic points to each other. Ml,a,i,j’s and M
′
l,a,i’s are the
minimal components, and 5Z5−{0} is the attracting basin of the fixed point
0.
Proof. 1. The lifts of {1 + 5l+1i, 1 − 5l+1i} from level l + 2 to level t + l + 1
are of the form {1 + 5l+1i + 5l+2a, (1 + 5l+1i + 5l+2a)−1}, where i ∈ {1, 2} and
a ∈ {0, . . . , 5t−1−1}. Hence from Propositions 3.1 and 5.4, the statement is proved.
2. The lifts of {1+5l+1i, 1−5l+1i}, {−1+5l+1i,−1−5l+1i}, {i+5l+1i, i−5l+1i}
and {−i + 5l+1i,−i − 5l+1i} from level l + 2 to level t + l + 1 are of the forms
{1+5l+1i+5l+2a, (1+5l+1i+5l+2a)−1}, {−1+5l+1i+5l+2a, (−1+5l+1i+5l+2a)−1},
{i + 5l+1i + 5l+2a,−(i + 5l+1i + 5l+2a)−1} and {−i + 5l+1i + 5l+2a, (−i + 5l+1i +
5l+2a)−1}, respectively, where i ∈ {1, 2} and a ∈ {0, . . . , 5t−1 − 1}. Hence from
Propositions 3.1 and 5.4, the statement is proved.
3. The lifts of {1+5l+1i, 1−5l+1i}, {−1+5l+1i,−1−5l+1i} and {i+5l+1i,−i+
5l+1i} from level l+2 to level t+l+1 are of the forms {1+5l+1i+5l+2a, (1+5l+1i+
5l+2a)−1}, {−1+5l+1i+5l+2a, (−1+5l+1i+5l+2a)−1} and {i+5l+1i+5l+2a, (i+
5l+1i+ 5l+2a)−1}, respectively, where i ∈ {1, 2} and a ∈ {0, . . . , 5t−1 − 1}. Hence
from Propositions 3.1 and 5.4, the statement is proved.
Consider the cases m ≡ 2 (mod 5) and m ≡ −2 (mod 5). We notice from
Theorem 5.3 and 5.5 that the minimal decomposition heavily depends on the values
ν5(m− 1) and ν5(m+1). For the cases m ≡ 2 (mod 5) and m ≡ −2 (mod 5), our
computation shows that there is a similar pattern for the minimal decomposition
which heavily depends on the values ν5(m− i) and ν5(m+ i).
When we write i =
∑∞
i=0 ai5
i, the value ai can be computed using the values
a0, a1, . . . , ai−1, by Hensel’s lemma, in this way, the pattern of ai is irregular.
Hence we do not have a general formula for the values ν5(m − i) and ν5(m + i)
and so the minimal decomposition for this case can not be proved using previous
methods. We need a different method which we do not know yet.
We state our computational result as a conjecture for general m and give an
example for a specific m.
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Conjecture 5.6. Let f(x) = xm over Z5 and assume m ≥ 2 with m ≡ ±2 (mod 5).
Let t = min{ν5(m∓ i)}.
1. If m ≡ ±2 (mod 10), then f(x) has 5t−1 growing cycles of length 4 at every
level ≥ t+ 1.
2. If m ≡ ±7 (mod 10), then f(x) has 4 · 5t−1 growing cycles of length 4 at
every level ≥ t+ 1.
Example 5.7. If m ≡ 7 (mod 10), then ±1 and ±i are fixed points. So, let {1},
{−1}, {i} and {−i} be cycles of length 1 at level l+1 for any l ≥ 0. Then, the lifts
to level l+2, are {b, b+5l+1, b+5l+1 ·2, b+5l+1 ·3, b+5l+1 ·4} with b ∈ {1,−1, i,−i}.
If t = 1, then those 4 lifts grow at level t+ l+1 = l+2. With Proposition 3.1,
the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(⋃
l≥0
4⋃
j=1
Ml,j
)⊔
(5Z5 − {0}),
where
Ml,1 =
4⋃
a=1
(1 + 5l+1a+ 5l+2Z5), Ml,2 =
4⋃
a=1
(−1 + 5l+1a+ 5l+2Z5),
Ml,3 =
4⋃
a=1
(i+ 5l+1a+ 5l+2Z5) and Ml,4 =
4⋃
a=1
(−i+ 5l+1a+ 5l+2Z5).
Here, {0,±1,±i} is the set of fixed points, Ml,j ’s are the minimal components, and
5Z5 − {0} is the attracting basin.
If t = 2, we obtain 4·5t−1 = 20 growing lifts at level t+l+1 = l+3, respectively.
Those are {1 + 5l+1 + 5l+2i, 1 + 5l+1 · 7 + 52l+2 + 5l+2 · 2i, 1 + 5l+1 · 24 + 52l+2 +
5l+2 · 4i, 1+5l+1 · 18+52l+2 · 3+5l+2 · 3i}, {−1+5l+1+5l+2i,−1+5l+1 · 7+52l+2 ·
4+5l+2 · 2i,−1+ 5l+1 · 24+52l+2 · 4+5l+2 · 4i,−1+5l+1 · 18+ 52l+2 · 2+ 5l+2 · 3i},
{i+ 5l+1 + 5l+2i, i+ 5l+1 · 7− 52l+2i+ 5l+2 · 2i, i + 5l+1 · 24− 52l+2i+ 5l+2 · 4i, i+
5l+1 · 18 + 52l+2 · 2i+5l+2 · 3i} and {−i+5l+1+5l+2i,−i+5l+1 · 7+ 52l+2i+5l+2 ·
2i,−i + 5l+1 · 24 + 52l+2i + 5l+2 · 4i,−i + 5l+1 · 18 − 52l+2 · 2i + 5l+2 · 3i} where
i ∈ {0, . . . , 4}. With Proposition 3.1, the minimal decomposition of Z5 for f(x) is
Z5 = {0,±1,±i}
⊔(⋃
l≥0
4⋃
i=0
4⋃
j=1
Ml,i,j
)⊔
(5Z5 − {0}),
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where
Ml,i,1 = (1 + 5
l+1 + 5l+2i+ 5l+3Z5)
∪ (1 + 5l+1 · 7 + 52l+2 + 5l+2 · 2i+ 5l+3Z5)
∪ (1 + 5l+1 · 24 + 52l+2 + 5l+2 · 4i+ 5l+3Z5)
∪ (1 + 5l+1 · 18 + 52l+2 · 3 + 5l+2 · 3i+ 5l+3Z5),
Ml,i,2 = (−1 + 5
l+1 + 5l+2i+ 5l+3Z5)
∪ (−1 + 5l+1 · 7 + 52l+2 · 4 + 5l+2 · 2i+ 5l+3Z5)
∪ (−1 + 5l+1 · 24 + 52l+2 · 4 + 5l+2 · 4i+ 5l+3Z5)
∪ (−1 + 5l+1 · 18 + 52l+2 · 2 + 5l+2 · 3i+ 5l+3Z5)
)
,
Ml,i,3 = (i+ 5
l+1 + 5l+2i+ 5l+3Z5)
∪ (i+ 5l+1 · 7− 52l+2i+ 5l+2 · 2i+ 5l+3Z5)
∪ (i+ 5l+1 · 24− 52l+2i+ 5l+2 · 4i+ 5l+3Z5)
∪ (i+ 5l+1 · 18 + 52l+2 · 2i+ 5l+2 · 3i+ 5l+3Z5) and
Ml,i,4 = (−i+ 5
l+1 + 5l+2i+ 5l+3Z5)
∪ (−i+ 5l+1 · 7 + 52l+2i+ 5l+2 · 2i+ 5l+3Z5)
∪ (−i+ 5l+1 · 24 + 52l+2i+ 5l+2 · 4i+ 5l+3Z5)
∪ (−i+ 5l+1 · 18− 52l+2 · 2i+ 5l+2 · 3i+ 5l+3Z5).
Here, {0,±1,±i} is the set of fixed points, Ml,i,j’s are the minimal components,
and 5Z5 − {0} is the attracting basin.
Like the examples, if we have a specific integer m ≥ 2 with m ≡ 2 or -3 (mod
5), then we obtain the value t = min{ν5(m ∓ i)} and minimal components by
Conjectures 5.6.
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